In this paper, a Chaudouard type trace formula is established for the Lie algebra gl(n), by integrating the Lie algebra analogue of the Selberg kernel function against a mirabolic Eisenstein series on GL(n). The result is a combination of zeta functions ζ E (s) of extensions over the base field F of degree [E : F ] ≤ n.
Introduction
Let G be a Lie group and Γ ⊂ G a discrete subgroup such that the quotient space Γ\G has finite volume. The Selberg trace formula is an identity of the form
where o ranges over all conjugacy classes in Γ, π ranges over all irreducible unitary representations of G in L 2 (Γ\G), and I o , I π are distributions on G.
The proof of Selberg [S56] starts with the Selberg kernel function
where g 1 , g 2 ∈ Γ\G and f ∈ C ∞ c (G) is a test function, and then derives the Selberg trace formula (1.1) by expanding the integral Γ\G K(g, g; f )dg = Tr R f , L 2 (Γ\G)
( 1.3) in two different ways. In many interesting examples the quotient space Γ\G is non-compact. In this case the integral (1.3) will diverge and one integrates a truncated kernel function K T (g, g; f ) over Γ\G instead. Alternatively, Zagier [Z81] has introduced another method to regularize the divergent integral (1.3), in the first interesting example of G = SL 2 (R) and Γ = SL 2 (Z), namely by integrating Γ\G K(g, g; f )E(g, s)dg
( 1.4) where s ∈ C and E(g, s) is an Eisenstein series on Γ\G such that the integral (1.4) converges on the half-plane Re(s) > 1 and continuous to a meromorphic function defined on the entire complex plane. Formally, the integral (1.4) will converge to (1.3) as s → 1, and the divergent nature of (1.3) is reflected by the existence of a pole of (1.4) at s = 1. Then the divergent integral (1.3) could be regularized by evaluating the residue of (1.4) at s = 1.
The method of Zagier [Z81] is reminiscent of the method of zeta function regularization [E12] employed by physicists to evaluate divergent integrals. Indeed, one of the most beautiful features of Zagier's method is that, after expanding (1.4) into the identity o I o (s) = π I π (s) (1.5) which is analogous to (1.1), the geometric distributions I o (s) are Dedekind zeta functions of quadratic fields, and the spectral distributions I π (s) are Rankin-Selberg L-functions of modular forms, or other special functions of a similar nature. The identity (1.5) is the first example of a mirabolic trace formula.
In many introductory expositions, the Selberg trace formula is presented as a non-abelian generalization of the Poisson summation formula n∈Z f (n) = n∈Z f (n)
( 1.6) for the pair G = R and Γ = Z. However, there is another less well-known but equally interesting relation between (1.6) and (1.1), namely the trace formula for Lie algebras. Let g be the Lie algebra of G and Λ ⊂ g a lattice which is preserved under the adjoint action of the discrete subgroup Γ ⊂ G. Then analogous to (1.2), one may define the Lie algebra kernel function
where g ∈ Γ\G and f ∈ S(g) is a Schwartz function, and formally arrive at a possibly divergent identity of the form
where o ranges over all orbits in Λ under the adjoint action of Γ, and I o , I o are tempered distributions on g such that
(1.9)
A regularized version of the trace formula for Lie algebras (1.8) has been established by Chaudouard [C02] following the truncation method of Selberg which has been generalized by Arthur [A78] , working over the adeles. The goal of this paper is to regularize the identity (1.8), following Zagier's method which has been reformulated by Jacquet-Zagier [JZ87] over GL 2 (A), for the adelic pairs G = GL n (A), Γ = GL n (F ) and g = gl n (A), Λ = gl n (F ). The result is a mirabolic trace formula for gl(n Following the main references [C02] and [JZ87] , the rest of this paper will be written in the language of adelic algebraic groups.
Preliminaries and a motivating example
Algebraic preliminaries Let G denote the algebraic group GL(n) and g denote the Lie algebra gl(n). More generally, the Lie algebra of an algebraic group will be denoted by the same letter in Fraktur font. Denote the right adjoint action by X · ad(g) = g −1 Xg where X ∈ g and g ∈ G. Let V denote the vector space consisting of n-dimensional row vectors, then G operates on V from the right by right multiplication. Let Z ⊂ G denote the center consisting of scalar matrices, T ⊂ G denote the maximal torus consisting of diagonal matrices, B ± ⊂ G denote the Borel subgroups consisting of upper or lower triangular matrices, and U ± ⊂ B ± denote the unipotent radicals consisting of matrices with ones along the diagonal.
A standard parabolic subgroup is a subgroup which contains B + . More generally, a parabolic subgroup is a subgroup which is conjugate to some standard parabolic subgroup. If P ⊂ G is parabolic, let U P ⊂ P denote the unipotent radical and M P = P/U P denote the Levi component. If P ⊂ G is standard parabolic, then P consists of block upper triangular matrices, and M P ⊂ P will be identified with the subgroup consisting of block diagonal matrices. Each parabolic subgroup P ⊂ G is associated with a partial flag
. Let ℓ(P ) = r + 1 denote the length of the partial flag associated to P .
A partition of n consists of positive integers n 1 ≥ · · · ≥ n r such that n 1 + · · · + n r = n. Due to inconsistent conventions between the theory of partitions and linear algebra, partitions will be written in reverse order and denoted by [n r , . . . , n 1 ] = λ ⊢ n. If λ ⊢ n is a partition, let P λ ⊂ G denote the standard parabolic subgroup consisting of block upper triangular matrices such that the (i, j)th block consists of n i × n j matrices.
An element X ∈ g is regular if its centralizer G X ⊂ G is n-dimensional, or equivalently if there exists v * ∈ V such that v * , v * X, . . . , v * X n−1 form a basis of V . Each regular element is conjugate to a unique companion matrix of the form
where p(t) = t n − a 1 t n−1 − · · · − a n is the characteristic polynomial of X.
More generally by the theory of Frobenius normal form, each X ∈ g is conjugate to a unique block diagonal matrix of the form
, then X has Frobenius normal form of partition type λ = [n r , . . . , n 1 ] ⊢ n, and the polynomials p r , . . . , p 1 are the invariant factors of X.
Analytic preliminaries Let F be a global field and let A = ′ v F v denote the ring of adeles of F , where the product ranges over all places v of F which is restricted with respect to the local rings of integers
denote the local and global norms such that | · | = v | · | v and the product formula v |x| v = 1 holds for all x ∈ F × . Fix a non-trivial additive character ψ : A → C × such that
be a maximal compact subgroup such that the Iwasawa decomposition G(A) = P (A)K holds for all parabolic subgroups P ⊂ G. If P ⊂ G is standard parabolic, fix compatible Haar measures such that
where the summation õ ranges over all equivalence classesõ ⊂ g(F ) where eachõ consists of all X ∈ g(F ) with a common characteristic polynomial
• If the characteristic polynomial põ(t) is irreducible over F , thenõ = o ell is an elliptic conjugacy class in g(F ) with centralizer isomorphic to the Weil restriction Res
In this case the truncation procedure trivializes and
denotes the group of ideles of E of norm 1. • More generally if the characteristic polynomial põ(t) has distinct roots in its splitting field, or equivalently if its discriminant ∆(põ) = 0, theñ o = o rs is a regular semisimple conjugacy class in g(F ) with centralizer isomorphic to a possibly non-elliptic torus.
In this case Chaudouard [C02] has obtained a similar expression
as an orbital integral weighted by the weight factor v(g, T 0 ) introduced by Arthur [A78]. 
Tate integrals for zeta functions
is an adelic integral of the form
for all s ∈ C such that the integral converges absolutely. In his thesis [T50] , Tate has established the following analytic properties of I(s; Φ):
• the integral I(s; Φ) converges absolutely on the half-plane Re(s) > 1 and continuous to a meromorphic function on the entire complex plane, which will also be denoted by I(s; Φ);
• there exists a function ζ F (s) which is holomorphic on the half-plane Re(s) > 1 such that
is an elementary function in s which continuous holomorphically to the entire complex plane;
• the meromorphic function I(s; Φ) satisfies the functional equation
which is another consequence of the Poisson summation formula. 
which converges absolutely for Re(s) > 1 and continuous meromorphically to the entire complex plane. As another consequence of the Poisson summation formula, the mirabolic Eisenstein series E(g, s; Φ) satisfies the functional equation
, then the integral
More generally, Tate [T50] has introduced Tate integrals twisted by a multiplicative character χ : A 1 /F × → C × where A 1 ⊂ A × denotes the group of ideles of norm 1, and similarly there exist mirabolic Eisenstein series twisted by the character χ • det : G(A) → C × . The results of this paper could be extended to such cases, which would lead to a mirabolic version of the twisted trace formula for gl(n). However, such an extension will be excluded from this paper for simplicity.
The example of gl(2) For the rest of this section let g denote gl(2), G denote GL(2), and choose Schwartz functions f ∈ S(g(A)) and Φ ∈ S(A 2 ). The following have been computed for Re(s) > 1 in [JZ87] :
where δ is non-square in F , then
is an elliptic orbital integral weighted by the Tate integral
where e(g, s; Φ) is a finite Euler product of elementary functions in s.
where the primed summation ranges over all pairs (X, v * ) such that v * is not an eigenvector of X, is equal to
which is a hyperbolic orbital integral weighted by the Tate integral
• If o par ⊂ g(F ) is a parabolic conjugacy class containing d 1 0 d , then
which is a parabolic orbital integral weighted by the Tate integral
The orbital integral I opar (s) could be further evaluated as
where e(d, k, s; f ) and e(g, 2s − 1;Φ) are both finite Euler products of elementary functions in s.
where b v * ⊂ g denotes the Borel subalgebra which stabilizes the line in F 2 spanned by v * and u v * denotes the nilpotent radical of b v * , is equal to
where f k denotes the composite function f • ad(k) and f denotes the partial Fourier transform of f defined by
The mirabolic trace formula for gl(2) Combining the previous results with the absolute convergence of the summation over all conjugacy classes which will be established for all gl(n) later, it follows that the integral
converges absolutely for Re(s) > 1 and continues meromorphically to the entire complex plane. Since K(g; f ) = K(g; f ) and
by the Poisson summation formula, it follows that the distribution defined by (2.1) is invariant under the Fourier transform f ↔ f on S(g(A)).
Contributions from the regular locus
The regular locus of the mirabolic action For the rest of this paper let g denote gl(n), G denote GL(n), and choose Schwartz functions f ∈ S(g(A)) and Φ ∈ S(V (A)). Motivated by the mirabolic integral
consider the diagonal mirabolic action of G on g × V ′ . The affine quotient of g × V ′ by G factors through the projection onto the first factor
converges absolutely if Re(s) > 1, and continues meromorphically over the entire complex plane, where the summation oreg ranges over all regular conjugacy classes o reg ⊂ g(F ).
Proof. The action of G(F ) on (g × V ′ ) reg (F ) is faithful. By the theory of companion matrices, each orbit contains a unique representative of the form
Choosing coordinates
where the last column is equal to the transpose of
upto a unimodular change of variables of v 1 , . . . , v n−1 , where v i denotes the ith entry of v for 1 ≤ i ≤ n − 2 and t • j denotes the jth diagonal entry of t • for 1 ≤ j ≤ n − 1. Hence the first factor of the inner integral in (3.2) is equal to
which converges absolutely for Re(s) > 1 and continues meromorphically over C by induction on n.
The second factor of the inner integral in (3.2) is equal to
which converges absolutely for Re(s) > 1 and continues meromorphically over C, hence so does the entire integral (3.1).
are all distinct and irreducible, then
Proof. The orbit (o reg × V ′ ) reg contains a representative of the form
...
hence it suffices to show that the analogous integral
where x E i ∈ E i corresponds to X p i and 0 E i and 1 E i denotes the zero and unit element of E i respectively, the integral I i (s) is equal to
Hence it suffices to analyze the analogous inner integral defined over E i , which is treated in the next lemma.
∈ G(F ) be a Jordan block with ones along the subdiagonal and e * n = [0, . . . , 0, 1] ∈ V (F ), then the integral
is the product of ζ F (s)ζ F (2s − 1) . . . ζ F (ns − n + 1) by an entire function.
Proof. By the Iwasawa decomposition it suffices to evaluate the analogous integral
s) by a Tate integral equal to an entire multiple of ζ F (ns − n + 1), and the lemma follows by induction on n.
Cancellation of singularities
A mirabolic analogue of the parabolic descent operator Let P ⊂ G be the parabolic subgroup associated to a partial flag V = V r ⊃ · · · ⊃ V 0 = 0 with successive subquotients
. In general f is defined upto a multiplicative constant depending on the choice of the liftX. However if P is a standard parabolic subgroup, then f is uniquely defined by choosingX ∈ m P .
Then the parabolic descent
where f k denotes the composite function f • ad(k) and the inner integral is integrated over the affine space consisting of all U
• if X ∈ m P (A) is regular semisimple which implies that U * i = 0 for all i = 2, . . . , r, then (f, Φ) P (X, 0, . . . , 0, w * 1 ) = f P (X)Φ(w * 1 ); 
where the summation P ranges over all parabolic subgroups P ⊂ G defined over F and V U P = V 1 ⊂ V denotes the subspace consisting of U P -invariants, and
where the primed summation ranges over all sequences (X, w * r , . . . , w * 1 ) such that ( Proof. Define
where the primed summation ranges over all ( 
where the primed summation ranges over all (
is regular, all parabolic subgroups P appearing in (4.1) such that (X, w * ) ∈ (p × (V U P ) ′ )(F ) must contain GL(m) in the lower right corner and are hence either of the form 
by Poisson summation where f denotes the partial Fourier transform of f 1 defined by
where Y * ∈ Hom(A m , W 2 (A)) V intertwines the actions of X 1 and X • .
Hence by the partial Iwasawa decomposition g = 1 V 0 1
are all distinct and irreducible, then the regularized mirabolic integral
where |S| denotes the cardinality of a finite set S.
Proof. By the same argument as in the proof of Proposition 3.2, it suffices to consider the special case when f j = (t − d) n j where d ∈ F is the unique eigenvalue of o λ , and proceed as in the proof of Lemma 3.3.
Choosing the representative
∈ GL n j (F ) is a Jordan block with ones along the subdiagonal and e * n j = [0, . . . , 0, 1] ∈ W ′ j (F ) ≃ F n j ′ , it suffices to evaluate the analogous integral
where z ∈ A × , u 1 , . . . , u k−1 ∈ A and I l denotes the l × l identity matrix, then by a similar computation, the db 1,k integral produces a Tate integral of the form ...
where b • 1,k ∈ GL n 2 (A) denotes the action of b 1,k on W 2 (A) induced from the unique A[X]-linear map from W 1 (A) to W 2 (A) which maps e * n 1 to e * n 2 . There are two cases:
• if k ≤ n 1 − n 2 , then b • 1,k = I n 2 and the Tate integral (4.2) is an entire multiple of (g(A) ).
Proof. It remains to establish the invariance under the Fourier transform, which follows from the alternative definition of I(s) as the alternating sum
together with the observation that K P (g; f ) = K P (g; f ).
Miscellaneous remarks
Comparison with Shintani zeta functions From the perspective of invariant theory, the regular locus (g×V ′ ) reg ⊂ g×V ′ could be characterized by the property that the fibered product See [M16] for another complementary approach of extending the theory of Shintani zeta functions to the adjoint representation of GL(n) on gl(n) via Chaudouard's trace formula.
Parallel to the Shintani zeta integral, the part of the mirabolic integral over the regular locus
may be regarded as a non-prehomogeneous zeta integral
where I oreg (s) is an entire multiple of i ζ E i (s)ζ E i (2s−1) . . . ζ E i (m i s−m i +1) for each regular conjugacy class o reg ⊂ g(F ) with characteristic polynomial
are all distinct and irreducible, and E i ≃ F [t]/(q i ). However, unlike the prehomogeneous zeta integral Z(s; Φ), the nonprehomogeneous zeta integral Z reg (s; f, Φ) does not satisfy any functional equation unless all exponents m i = 1. This leads to another zeta integral
where ∆(X) denotes the discriminant of the characteristic polynomial of X, which also transforms under the character det : G → G m . Then the regular semisimple zeta integral satisfies the functional equation
The semisimple locus of the mirabolic action At the other extreme, each fiberõ×V ′ ⊂ g×V ′ also contains a unique Zariski closed orbit (õ×V ′ ) ss , and all such orbits constitute the semisimple locus (g × V ′ ) ss ⊂ g × V ′ consisting of the pairs (X, v * ) such that the restriction of X to the subspace W ⊂ V spanned by v * , v * X, . . . , v * X n−1 is semisimple, in other words the discriminant ∆(X| W ) = 0. The part of the regularized mirabolic integral 
Hence the regular and semisimple parts I reg (s) ↔ I ss (s) of the regularized mirabolic integral are interchanged under the transpose operator f ↔ f ⊺ on  S(g(A) ), the Fourier transform Φ ↔ Φ on S (V (A) ), and the substitution s ↔ 1 − s on C, all performed simultaneously. This leaves the intersection I rs (s) invariant and leads to the functional equation of Z rs (s; f, Φ).
The functional equation of I(s) via Young diagrams Let o ⊂ g(F ) be a conjugacy class with characteristic polynomial p(t) = i q i (t) m i and invariant factors p r | · · · | p 1 where p j (t) = i q i (t) m ij and q i (t) ∈ F [t] are all distinct and irreducible, then each irreducible factor q i determines a partition λ i = [. . . , m ij , . . . , m i1 ] ⊢ m i . In particular The mirabolic trace formula in the group case Proposition 4.2 could be regarded as the geometric side of a mirabolic trace formula for GL(n).
Let f ∈ C ∞ c (G(A) ) be a test function, then the group analogues of the kernel functions K(g; f ) and K P (g; f ) for g ∈ G(F )\G(A) have been defined by Arthur [A78] , and Proposition 4.2
generalizes to the group case with analogous definitions of I o λ (s). In fact, the absolute convergence in the group case is easier to establish since there are only finitely many conjugacy classes which intersect the support of f . On the spectral side, the contributions from the cuspidal spectrum
where the summation φ ranges over an orthonormal basis of the cuspidal spectrum L 2 (G(F )\G(A)) cusp and R cusp denotes the regular representation of C ∞ c (G(A)) on L 2 (G(F )\G(A)) cusp , decomposes into
where each summand is a zeta integral equal to an entire multiple of the Rankin-Selberg L-function L(s, π × π * ) following [JS81] . At the other extreme opposite to the cuspidal spectrum, for Eisenstein series induced from the Borel subgroup B ⊂ G, the mirabolic double flag variety contains a unique Zariski open orbit
on which the diagonal action of G is faithful. Then the contribution from the regular locus decomposes into
where the summation χ ranges over all characters χ : T (F )\T (A) → C × and each summand is a zeta integral equal to an entire multiple of a quotient of products of automorphic L-functions which could be computed following the Langlands-Shahidi method [S81] .
More generally, contributions from the regular locus (P \G×P \G×V ′ ) reg of all parabolic subgroups P ⊂ G constitute the regular part of the spectral side. On the other hand the cancellation of singularities on the spectral side and further details will be treated in a forthcoming paper [C20] .
A Appendix: The local theory
Local preliminaries For this appendix let F v be a non-archimedean local field and let X v denote the totally disconnected locally compact space X(F v ) consisting of the F v -valued points of an algebraic variety X.
Let f ∈ S(g v ), then by the Weyl integration formula
where the summation 
Then the Fourier transform satisfies the inversion formula f 1 (w) = f 1 (−w) and the Plancherel formula
• the meromorphic functions I v (s; Φ 1 ) and I v (s; Φ 2 ) satisfy the local functional equation
, which follows from the Plancherel formula.
Parallel to the global Tate integrals, Tate [T50] has also introduced local Tate integrals twisted by a local multiplicative character χ v : F × v → C × , which will also be excluded from this paper for simplicity.
which converges absolutely for Re(s) > 0 and continues meromorphically to the entire complex plane, where g ∈ Z v \G v . 
open, and applying the Weyl integration formula, then the integral (A.1) is equal to
If λ = [n r , . . . , n 1 ] and E × v elliptic in M λ,v , then
where E i,v /F v is a field extension of degree n i for i = 1, . . . , r, and
is a family of products of local Tate integrals which is locally constant and compactly supported in g ∈ E × v \G v . Hence the integral (A.1) is equal to
which converges absolutely on the strip 0 < Re(s) < 1 and continuous meromorphically over the entire complex plane, where
by an entire Laurent polynomial of the form p(q −s v ) ∈ C[q −s v , q s v ]. Proof. By the analytic properties of local Tate integrals,
×f 1 X · ad(g 1 ) f 2 X · ad(g 2 ) ∆(X) v × ×I v (g 1 , 1 − s, Φ 1 )I v (g 2 , s, Φ 2 )dg 1 dg 2 could be interpreted as the integral of a vector-valued function in
s v ]-fractional ideal generated by ζ Ev (q −s v ). Since the integral only has finitely many summands, the corollary follows.
Theorem A.4 (Local mirabolic trace formula). Let Φ 1 , Φ 2 ∈ S(V v ), then the distribution I v (s) ∈ S ′ (g v × g v ) defined by
where the summation Proof. It remains to establish the identity under the Fourier transforms, which follows from the alternative definition
together with the identity K v (g; f 1 , f 2 ) = K v (g; f 1 , f 2 ).
Remarks on the geometry of the double mirabolic action The integral (A.1) could be reformulated in terms of the double mirabolic action of G × G on the relative diagonal ∆ G (g × V ) defined by
where the commutative square is Cartesian, and the composite morphism ∆ G (g × V ) → g/ /G could be identified with the quotient morphism with respect to the double mirabolic action of G × G. Define the rational function δ : ∆ G (g × V ) → P 1 by
then the regular locus ∆ G (g × V ) reg ⊂ ∆ G (g × V ) defined by δ = 0, ∞ is a (G × G)-torsor with quotient g reg / /G. Hence the integral (A.1) is equal to
s v dv * 1 dv * 2 dX 1 dX 2 = (greg/ /G)v Gv×Gv f 1 X · ad(g 1 ) f 2 X · ad(g 2 ) × ×Φ 1 (e * g X g 1 )Φ 2 (e * g X g 2 ) det(g 1 )
where dX denotes the quotient measure on (g reg / /G) v which corresponds to the Weyl measure |∆(X)| v dX under the identification
where (g rs / /G) v ⊂ (g reg / /G) v denotes the subset with full measure consisting of all regular semisimple conjugacy classes. Analogously, the original untruncated integral of Waldspurger
admits a similar reformulation, where ∆ G (g) = g × g/ /G g ⊂ g × g denotes the relative diagonal with regular locus ∆ G (g) reg ⊂ ∆ G (g) consisting of all (X 1 , X 2 ) ∈ g reg × g reg . The integral diverges due to the existence of nontrivial stabilizers of the (G × G)-action on ∆ G (g) reg .
For the rest of this appendix it is more convenient to work over C. The situation could be summarized by the commutative diagram
where j denotes the open embedding of ∆ G (g × V ) reg ⊂ ∆ G (g × V ) and i denotes the closed embedding of ∆ G (g) ⊂ ∆ G (g × V ) with v * 1 = v * 2 = 0, which is reminiscent of the construction of the Hilbert scheme of n points on the plane [N99]:
• Let Γ [·,·] (g) ⊂ g × g denote the commuting subvariety consisting of all (X 1 , X 2 ) ∈ g × g such that [X 1 , X 2 ] = 0.
Then the quotient of Γ [·,·] (g) under the diagonal adjoint action of G is isomorphic to Γ [·,·] (g)/ /G ≃ (t × t)/ /W , where the Weyl group W operates on t × t diagonally and the quotient (t × t)/ /W has symplectic singularities.
